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Abstract 

For all < t < 1, we define a locally Euclidean metric p t on R 3 . 
These metrics are invariant under Euclidean isometries and, if t increases 
to 1, converge to the Euclidean metric ds. This research is motivated by 
expanding universe. 
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1 The metric p t 

Let d,E denote the Euclidean metric on R 3 . As in [5 , a nonnegative function 
d : R 3 x R 3 — > R is called a locally Euclidean metric if 

(i) d(P, Q) = if and only if P = Q 

(ii) d{P, Q) = d(Q, P) for all P, Q G R 3 

(iii) d(P, Q) + d(Q, R) > d{P, R) for all P,Q,Re R 3 

(iv) For all P £ R 3 , there exists r > such that 

d(Q, R) = d E (Q, R) for all Q,R£ B r {P) = {S £ R 3 | d(P, S) < r}. 

Let S 2 C R 3 be the unit 2-sphere with center O = (0,0,0) and radius 1. A 
locally Euclidean metric on S 2 is defined in the same way as on R 3 . In the 
following theorem of the author, — P is the antipodal point of P £ S 2 and 
< a < tt/4. 
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Theorem 1 ([5]) Suppose that < t < 1 and a = sin 1 ^ 2 2 * 2 . For all 

P,Q G S 2 we define 



dt(P,Q) 



d E (P,Q) if lPOQ<ir-2a 

2t + d E (-P,Q) if LPOQ>it-2a. 



Then dt is a locally Euclidean metric on S 2 which is invariant under any Eu- 
clidean isometry and 

td E (P, Q) < d t (P, Q) < d E (P, Q). (1) 

Notice that 

if d E (P,Q) = d E {R,S) then d t (P,Q) = d t {R, S) (2) 

and 

if dt{P,Q)<2t then d t {P,Q) = d E (P,Q). (3) 

We will make use of the metric dt to define a locally Euclidean metric pt on 
R 3 . Suppose that P, Q E R 3 and n E N. Let 

rp,g = { (^oi Xu ■ ■ ■ , x n ) | x Q = p, x n = q 

and Xi E R 3 , < d E (X l - 1 ,X i ) < 2 for all 1 < i < n } 

and 

Tp ,Q = U r ^Q' 

Notice that T PiQ ^ for all P, Q E R 3 and if (X , X u ■ ■ ■ ,X n ) E T^g then 

(-^11, X n ^i, • • • , Xq) G Tq p. 

Suppose that {Xq, Xi, ■ ■ ■ , X n ) E ^p,q and 1 < i < n. There exists an 

isometric embedding : (S 2 7 d E ) — » (R 3 ,d_e) such that E e(S 2 ). 
Notice that 

^(er^^i-O.er 1 ^)) (4) 

does not depend on the choice of ti because dt is invariant under Euclidean 
isometries. Therefore for the sake of simplicity, we will simply write 

dt(Xi-i, X{) 

to denote eq. (|4|). In the following definition, the infimum is taken for all 
elements oiTp^Q. 

Definition 2 For < t < 1 and P,Q E R 3 , we define 

n 

Pt {P,Q)= inf YjtiXi^Xi), 

We will prove the following lemma and theorem in the next section. 
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Lemma 3 td E (P, Q) < p t (P, Q) < d E {P, Q) for all P, Q £ R 3 . 
Theorem 4 p t defines a locally Euclidean metric on R 3 . 

Suppose that 4> : R 3 — » R 3 is an Euclidean isometry. Notice that 
(X ,X 1 ,---,X n ) £T P , Q if and only if (<j>(X ), <t>(Xi), ■ ■ ■ , (/>(X n )) e% w(Q) . 
Therefore, from eq. ([2]) we can show that 

Pt {P,Q) = Pt{4>{P)A{Q))- 

By Lemma [3] if t increases to 1, then 

p t (P, Q) converges to d E (P, Q) for all P, Q G R 3 . 

The following corollary which will be proven in the next section implies that 
pt and d E are same locally. 

Corollary 5 If d E (P, Q) < 2t then p t (P, Q) = d E (P, Q) for all P,Q G R 3 . 

The construction of p t is motivated by expanding universe. See [T], [5] and 
[3] as references on this topic. Notice that (R 3 ,p t ) is homogeneous, isotropic 
and homeomorphic to the Euclidean space (R 3 ,^) for all < t < 1. From the 
proof of Theorem [4] in the next section, notice also that if t increases, so is the 
Euclidean region B t (P) for all P G R 3 . 

The Einstein's field equations are expressed in terms of Riemannian metrics 
(see [6], [7] and [8] for details). If a Riemannian metric space is locally Euclidean, 
then it is the Euclidean space itself. Therefore the construction of this paper 
is impossible with Riemannian metrics. In a preprint of the author([4j), there 
exists a similar construction of pseudo metrics on the closed ball B 3 . 

2 Proof of the lemma, theorem and corollary 

Proof of Lemma [3J Suppose that P,Q £ R 3 . Choose m G {0} U N such that 
m < d E (P, Q) <m + 1. Find (X , X l: ■ ■ ■ , X m+ i) G I^q such that 

X t e ~PQ and d E (Xi-i,Xi) = — - — d E (P, Q) for all 1 < i < m + 1, 

m+1 

where PQ is the Euclidean segment from P to Q. From eq {T]), we have 

m+1 m+1 

Pt(PQ) < J2 dtiXi-uXi) < dE(Xi-i,Xi) 
i=i i=i 

m+1 , 

= V ~—-d E {PQ) =d E (P,Q). 

^— ' m 4- 1 
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For all (X , Xi, • • • , X n ) G T^g, from cq. |T]) we have 

n n n 

Y^dtiXi-uXi) >Y,td E (Xi-uXi) = t^d E (X i -i,X i ) >td E (P,Q). 

i—1 i—l i—1 

Thus Pt (P,Q)>td E (P,Q). I 

Proof of Theorem|4l Since dt is nonnegative, so is pt- By Lemma[3l it is trivial 
to show that pt(P, Q) = if and only if P = Q. Since (X , X\, ■ ■ ■ , X n ) e T^q 
if and only if (X n , X n -i, ■ ■ ■ , Xq) e Tq,p, from eq. ([2]) we have 

p t (P, Q) = p t (Q, P) for all P, Q e R 3 . 

For all (X , X x , ■ ■ ■ , X n ) £ T P , Q and (Y ,Yi, F m ) 6 T Q ^ R , we have 

(Xo, Xi, ■ ■ ■ , X n = Y),Yi, ■ ■ ■ , Y m ) e Tp^r. 

Therefore 

n m 

Pt(P,R) <J2MXi-i,Xi) + J2dt{Yi-i,Yi) 
i=i i=i 

and hence 

Pt(P, R) < Pt(P, Q) + Pt(Q, R) for all P,Q,Re R 3 . (5) 

Suppose that PeR 3 and Q,Re B t (P) = {S £ R 3 | p t (P,S) < t}. From 
eq. ©, we have p t (Q,R) < pt(Q,P) + pt(P,R) < 2i. Therefore there exists 
(X Q , Xi, ■ ■ ■ , X n ) G T QtR such that 

n 
i=l 

From eq. ([3]), we have dt(X^\, Xi) = d E (Xi-i,Xi) for all 1 < i < n. Therefore 

n n 

p t (Q,R) = inf Y j d t {X i ^X i )= inf y^dtiXi-uXi) 
r«,H i=1 r Q , R (t) i=1 

n 

= inf Y]dB(X i _i,X i )>d B (Q ) Ji) ) 
r Q ,R(t) , =1 

where 

n 

r gf a(t) = {(Xo,Xi,... 1 A«)eI>,Q I ^dt(X 4 _!,X 4 ) <2t}- 

2=1 

Thus from Lemma [3j we have pt(Q, R) = ds(Q, R)- I 
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Proof of Corollary [5j Suppose that cIe(P,Q) < 2t. From LemmaO we have 



In the last paragraph of the proof of Theorem [H we showed that eq. © implies 
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p t {P,Q)<2t. 



(6) 



Pt(P,Q)=d E (P,Q). 
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